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Abstract
We describe relationships between locally singular hyperplanes of the dual polar space DQ(2n,K), n 2,
and hyperplanes of the half-spin geometries HS(2n−1,K) and HS(2n+1,K) for the respective hyperbolic
quadrics Q+(2n − 1,K) and Q+(2n + 1,K). We use these relationships to classify all hyperplanes of
HS(9,K) and to provide a method for constructing locally singular hyperplanes of DQ(2n + 2,K) from
locally singular hyperplanes of DQ(2n,K). Along our way, we also obtain a new proof for the fact that all
hyperplanes of the half-spin geometries arise from embeddings.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Definitions
Let Π be a non-degenerate polar space of rank n 2. With Π there is associated a point-line
geometry Δ whose points are the maximal singular subspaces of Π , whose lines are the next-
to-maximal singular subspaces of Π and whose incidence relation is reverse containment. We
call Δ a dual polar space (Cameron [2]). If x and y are two points of Δ, then d(x, y) denotes
the distance between x and y in the collinearity graph of Δ. For every point x and every i ∈ N,
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at most i, from x. We will denote Δ∗1(x) also by x⊥. Every convex subspace of Δ consists of
the maximal singular subspaces through a given singular subspace of Π . The maximal distance
between two points of a convex subspace A is called the diameter of A. The convex subspaces
of diameter 2, 3, respectively n− 1, are called the quads, hexes, respectively maxes, of Δ.
A hyperplane of a point-line geometry S is a set H of points with the property that every line
either is contained in H or intersects H in a unique point. A point x of S is called deep with
respect to a hyperplane H of S if every line through x is contained in H . If H is a hyperplane
and A is a subspace of S which is not a point, then A ∩ H is either A or a hyperplane of the
point-line geometry induced by A. If A ∩H = A, then A is called deep with respect to H .
Let Δ be a thick dual polar space of rank n  2. Then every hyperplane of Δ is a maximal
subspace by Shult [13, Lemma 6.1(ii)]. Since Δ is a near polygon (Shult and Yanushka [15];
De Bruyn [6]), the set of points of Δ at non-maximal distance from a given point x is a hyperplane
Hx of Δ. We call Hx the singular hyperplane with deepest point x. Suppose now that A is a
convex subspace of Δ of diameter δ and that HA is a hyperplane of A. Then the set H of points
of Δ at distance at most n − δ from at least one point of HA is a hyperplane of Δ, see e.g.
De Bruyn and Vandecasteele [8, Proposition 1]. We call H the extension of HA.
If H is a hyperplane of a thick dual polar space Δ of rank n  2 and if Q is a quad of Δ,
then one of the following cases occurs: (1) Q ⊆ H ; (2) there exists a point x in Q such that
x⊥ ∩ Q = H ∩ Q; (3) Q ∩ H is a subquadrangle of Q; (4) Q ∩ H is an ovoid of Q. If cases
(1)–(3), respectively (4), occurs, then the quad Q is called deep, singular, subquadrangular,
respectively ovoidal, with respect to H . The hyperplane H is called locally singular if every
non-deep quad of Δ is singular with respect to H .
Let S be a point-line geometry and let V be a finite-dimensional vector space. A full embed-
ding of S in Σ := PG(V ) is an injective mapping e from the point-set P of S to the point-set of
Σ satisfying (i) 〈e(P)〉 = Σ and (ii) e(L) := {e(x) | x ∈ L} is a line of Σ for every line L of S .
If e :S→ Σ is a full embedding, then for every hyperplane π of Σ , H(π) := e−1(e(P) ∩ π) is
a hyperplane of S . We say that the hyperplane H(π) arises from the embedding e.
Let n ∈ N \ {0,1} and let K be a field. We will use the notation Q(2n,K), respectively
Q+(2n − 1,K), to denote a non-singular quadric of Witt-index n in PG(2n,K), respectively
PG(2n − 1,K).
Let Q(2n,K) denote a non-singular quadric of Witt-index n 2 in PG(2n,K). The subspaces
of PG(2n,K) which are contained in Q(2n,K) define a polar space and we denote by DQ(2n,K)
the associated dual polar space. If n 3, then the dual polar space DQ(2n,K) has locally singular
hyperplanes which are not singular. By Pralle [10] (or Shult [11] if K is finite), the points and
deep lines of any non-singular locally singular hyperplane of DQ(6,K) define a split Cayley
hexagon H(K). We call these hyperplanes therefore hexagonal hyperplanes.
Let Q+(2n + 1,K) denote a non-singular quadric of Witt-index n + 1 2 in PG(2n + 1,K)
and let M+ and M− denote the two families of generators (= maximal subspaces) of
Q+(2n + 1,K). Two generators belong to the same family if they intersect in a subspace of
even co-dimension. Let L denote the set of all (n−2)-dimensional subspaces of Q+(2n+1,K).
For every  ∈ {+,−}, we can define the following point-line geometry S . The points of S
are the elements of M , the lines of S are the elements of L and incidence is reverse con-
tainment. The partial linear spaces S+ and S− are isomorphic. They are called the half-spin
geometries for Q+(2n + 1,K). We will denote any of these geometries by HS(2n + 1,K). If
α is an i-dimensional subspace of Q+(2n + 1,K) with i  n − 2, then the elements of M+
through α define a subspace of HS(2n+1,K) which induces a half-spin geometry isomorphic to
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An HS(7,K)-subspace of HS(2n+ 1,K) is also called a symplecton of HS(2n+ 1,K). The half-
spin geometry HS(3,K) is isomorphic to a line with |K| + 1 points. The half-spin geometry
HS(5,K) is isomorphic to the point-line system of the projective space PG(3,K) and the half-
spin geometry HS(7,K) is isomorphic to the point-line system of the polar space Q+(7,K). The
half-spin geometry HS(2n + 1,K), n  1, admits a full embedding in PG(2n − 1,K) which is
called the spin-embedding of HS(2n+ 1,K), see Buekenhout and Cameron [1] or Chevalley [5].
The dual polar space DQ(2n,K), n 2, can be realized in HS(2n + 1,K), by keeping all points
of HS(2n + 1,K) and removing some of its lines. The spin-embedding of HS(2n + 1,K) hence
induces a full embedding of the dual polar space DQ(2n,K) in PG(2n − 1,K). This embedding
is called the spin-embedding of DQ(2n,K).
1.2. Hyperplanes of HS(2n− 1,K) give rise to locally singular hyperplanes of DQ(2n,K)
Let Q(2n,K) denote a non-singular quadric of Witt-index n  2 in PG(2n,K) and let π be
a hyperplane of PG(2n,K) intersecting Q(2n,K) in a non-singular quadric Q+(2n − 1,K) of
Witt-index n. Let N+ and N− denote the two families of generators of Q+(2n − 1,K) and let
HS(2n − 1,K) denote the half-spin geometry for Q+(2n − 1,K) defined on the set N+. For
every generator M of Q(2n,K) not contained in π , let M+ denote the unique element of N+
through M ∩π . For every set X of generators ofN+, put θ1(X) :=N− ∪X∪X′, where X′ is the
set of all generators M of Q(2n,K) not contained in π for which M+ ∈ X. Cardinali, De Bruyn
and Pasini [3] showed the following:
Theorem 1.1. [3] A set X of generators of N+ is a hyperplane of HS(2n − 1,K) if and only if
θ1(X) is a (necessarily locally singular) hyperplane of DQ(2n,K).
The half-spin geometry HS(7,K) is isomorphic to the point-line system of the polar space
Q+(7,K) and hence admits two types of hyperplanes. Using the “Q(6,K)-hyperplane” of
Q+(7,K), Cardinali, De Bruyn and Pasini [3] were able to construct a new type of locally sin-
gular hyperplane in DQ(8,K).
1.3. The main results of this paper
Let Q+(2n+1,K), n 2, denote a non-singular quadric of Witt-index n+1 in PG(2n+1,K)
and letM+ andM− denote the two families of generators of Q+(2n+1,K). Let HS(2n+1,K)
denote the half-spin geometry for Q+(2n + 1,K) defined on the set M+. Now, consider a hy-
perplane π of PG(2n+ 1,K) intersecting Q+(2n+ 1,K) in a non-singular quadric Q(2n,K) of
Witt-index n. For every generator M of Q(2n,K), let θ2(M) denote the unique element of M+
containing M and for every set X of generators of Q(2n,K), put θ2(X) := {θ2(M) | M ∈ X}.
The map θ2 is a bijection between the point-set of the dual polar space DQ(2n,K) associated
with Q(2n,K) and the point-set of HS(2n + 1,K). Moreover, θ2 maps full lines of DQ(2n,K)
to full lines of HS(2n + 1,K). In Section 2, we will prove the following theorem:
Theorem 1.2. (Section 2) Let X be a set of generators of Q(2n,K), n 2. Then X is a locally
singular hyperplane of DQ(2n,K) if and only if θ2(X) is a hyperplane of the half-spin geometry
HS(2n + 1,K).
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of DQ(2n,K) arise from the spin-embedding of DQ(2n,K). Combining this result with Theo-
rem 1.2 we obtain an alternative proof of a result of Shult [12] stating that all hyperplanes of the
half-spin geometries arise from embeddings:
Corollary 1.3. All hyperplanes of the half-spin geometry HS(2n + 1,K), n  2, arise from the
spin-embedding.
Proof. We will use the notations as introduced before. Let e : HS(2n + 1,K) → PG(2n − 1,K)
denote the spin-embedding of HS(2n + 1,K) and let H be a hyperplane of HS(2n + 1,K).
Then e ◦ θ2 is the spin-embedding of DQ(2n,K) and θ−12 (H) is a locally singular hyperplane
of DQ(2n,K). By [7] (see also [14]), there exists a hyperplane πH in PG(2n − 1,K) such that
(e ◦ θ2)(θ−12 (H)) = πH ∩ (e ◦ θ2)(DQ(2n,K)), i.e. H = e−1(πH ∩ e(HS(2n + 1,K))). This
proves the corollary. 
Combining Theorem 1.2 with the classification of all locally singular hyperplanes of
DQ(8,K) obtained by Cardinali, De Bruyn and Pasini [3], we are able to show in Section 3
that there are only two types of hyperplanes in the half-spin geometry HS(9,K), respectively
corresponding with the singular hyperplanes of DQ(8,K) and the non-singular locally singular
hyperplanes of DQ(8,K).
Combining Theorems 1.1 and 1.2, we see that locally singular hyperplanes of DQ(2n+2,K),
n 2, can be constructed from locally singular hyperplanes of DQ(2n,K). In Section 4, we will
investigate several properties of this construction. This allows us to determine all locally singular
hyperplanes of DQ(10,K) which arise from a hyperplane of HS(9,K). By Theorems 1.1 and 1.2,
it also follows that hyperplanes of HS(2n+1,K), n 2, can be constructed from hyperplanes of
HS(2n − 1,K). We will show in Section 4.5 that this construction is the same as a construction
given by Cooperstein and Shult in [4, Section 5.2].
2. Proof of Theorem 1.2
2.1. (I) The case n = 2
Let Q+(5,K) denote the Klein quadric in PG(5,K). Let M+ and M− denote the two fam-
ilies of generators of Q+(5,K) and let L denote the point set of Q+(5,K). Then (M+,L)
defines a half-spin geometry HS(5,K) for Q+(5,K). Let Pi , i ∈ {0,1,2}, denote the set of all
i-dimensional subspaces of PG(3,K). Let θ be the bijection between P1 and L induced by the
Klein correspondence. For every point x of PG(3,K), let θ(x) denote the generator of Q+(5,K)
containing all points θ(L), where L is a line through x. For every plane π of PG(3,K), let θ(π)
denote the generator of Q+(5,K) containing all points θ(L), where L is a line contained in π .
Without loss of generality, we may suppose that θ(x) ∈M+ for every point x of PG(3,K) and
θ(π) ∈M− for every plane π of PG(3,K). The map θ is a bijection between P0 ∪ P1 ∪ P2
and M+ ∪ L ∪M− and induces an isomorphism between the point-line system of PG(3,K)
and the half-spin geometry HS(5,K). Now, let ζ denote a symplectic polarity of PG(3,K). Then
there exists a bijective correspondence between the totally isotropic lines (w.r.t. ζ ) of PG(3,K)
and the set of points of a non-singular quadric Q(4,K) of Witt-index 2 obtained by intersecting
Q+(5,K) with a non-tangent hyperplane Πζ . Also, the converse is true: if Π is a hyperplane
of PG(5,K) intersecting Q+(5,K) in a non-singular quadric of Witt-index 2, then Π = Πζ ′
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φ(L) := θ(L) is a point of Q(4,K). If x is a point of PG(3,K), then the generator θ(x) intersects
Q(4,K) in a line φ(x). The map φ defines an isomorphism between the symplectic generalized
quadrangle W(3,K) and the dual Q∗ of the generalized quadrangle Q(4,K). If H is a singular
hyperplane of Q∗, then φ−1(H) is the plane [φ−1(L)]ζ , where L is the deepest point of Q∗. So,
φ−1(H) is a hyperplane of (the point-line system of) PG(3,K). Conversely, if π is a hyperplane
of PG(3,K), then π = pζ for some point p of PG(3,K). Then φ(π) coincides with the singular
hyperplane of Q∗ with deep point φ(p). The following proposition, which proves Theorem 1.2
in the case n = 2, readily follows from the discussion above.
Proposition 2.1. Let Q+(5,K) be the Klein quadric of PG(5,K) and let Π be a hyperplane
of Q+(5,K) such that Π ∩ Q+(5,K) is a non-singular quadric Q(4,K) of Witt-index 2. Let
M+ and M− denote the two families of generators of Q+(5,K) and let HS(5,K) denote the
half-spin geometry for Q+(5,K) defined on the set M+. For every line L of Q(4,K), let θ2(L)
denote the unique element ofM+ through L. Then the following holds:
(i) if H is a hyperplane of HS(5,K), then θ−12 (H) is a singular hyperplane of the dual of the
generalized quadrangle Q(4,K);
(ii) if H is a singular hyperplane of the dual of the generalized quadrangle Q(4,K), then θ2(H)
is a hyperplane of HS(5,K).
2.2. (II) The case n 3
Let Q+(2n + 1,K) denote a non-singular quadric of Witt-index n + 1 4 in PG(2n + 1,K)
and let π be a hyperplane of PG(2n + 1,K) intersecting Q+(2n + 1,K) in a non-singular
quadric Q(2n,K) of Witt-index n. Let M+ and M− denote the two families of generators
of Q+(2n+ 1,K) and let HS(2n+ 1,K) denote the half-spin geometry for Q+(2n+ 1,K) with
point set M+. For every generator M of Q(2n,K), let θ2(M) denote the unique generator of
M+ through M .
Suppose H is a locally singular hyperplane of DQ(2n,K) and put H ′ := θ2(H). We will show
that H ′ is a hyperplane of HS(2n + 1,K). Let L be a line of HS(2n + 1,K) and let α denote
the (n − 2)-dimensional subspace of Q+(2n + 1,K) corresponding with L. If α ⊆ Q(2n,K),
then α determines a line U of DQ(2n,K). This line U is either contained in H or intersects
H in a unique point. It follows that L either is contained in H ′ or intersects H ′ in a unique
point. Suppose α is not contained in Q(2n,K) and put β := α ∩ π . Then β determines a quad
Q of DQ(2n,K). If Q is deep with respect to H , then every point of L belongs to H ′. Suppose
Q is singular with respect to H . Then the set S := {θ2(x) | x ∈ Q} is an HS(5,K)-subspace of
HS(2n + 1,K) containing the line L of HS(2n + 1,K). Since Q ∩ H is a singular hyperplane
of Q, {θ2(x) | x ∈ Q ∩ H } = S ∩ H ′ is a hyperplane of the (point-line geometry induced by the)
HS(5,K)-subspace S by Proposition 2.1. It follows that L either is contained in H ′ or intersects
H ′ in a unique point. Combining all what has been said, we can conclude that H ′ is a hyperplane
of HS(2n + 1,K).
Conversely, suppose H ′ is a hyperplane of HS(2n + 1,K) and put H := θ−12 (H ′). Let U be
a line of DQ(2n,K). Then U corresponds with an (n − 2)-dimensional subspace of Q(2n,K)
which itself corresponds with a line L of HS(2n + 1,K). Since L either is contained in H ′
or intersects H ′ in a unique point, the line U either is contained in H or intersects H in a
unique point. This proves that H is a hyperplane of DQ(2n,K). We will now show that H
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Q(2n,K) giving rise to a quad Q. The set S := {θ(x) | x ∈ Q} is an HS(5,K)-subspace of
HS(2n + 1,K). Since H ′ is a hyperplane of HS(2n + 1,K), S ∩ H ′ is either S or a hyperplane
of S. Now, θ2(Q ∩ H) = S ∩ H ′. So, Q ∩ H is either Q or a singular hyperplane of Q by
Proposition 2.1.
3. The hyperplanes of the half-spin geometry HS(9,K)
By Theorem 1.2, every hyperplane of HS(9,K) arises from a locally singular hyperplane
of DQ(8,K). By Cardinali, De Bruyn and Pasini [3], there are three types of locally singular
hyperplanes in DQ(8,K):
(1) singular hyperplanes of DQ(8,K);
(2) the extensions of the hexagonal hyperplanes in hexes of DQ(8,K);
(3) the hyperplanes of DQ(8,K) arising from Q(6,K)-hyperplanes of the half-spin geometry
HS(7,K), see Theorem 1.1.
The hyperplanes mentioned in (3) are precisely the locally singular hyperplanes of DQ(8,K)
without deep hexes. We might expect that the three above-mentioned types of hyperplanes will
give rise to three different types of hyperplanes of HS(9,K). However, this is not the case as
we will see now. The hyperplanes mentioned in (2) and (3) above will give rise to the same
hyperplanes of HS(9,K). We start with two lemmas.
Lemma 3.1. If H is a non-singular locally singular hyperplane of DQ(8,K), then for every point
x ∈ H , there exists a point y at distance 2 from x not contained in H .
Proof. Suppose the contrary. Then {x} ∪Δ2(x) ⊆ H . Since through every point of Δ1(x), there
exists a line containing two points of Δ2(x), also Δ1(x) ⊆ H . So, Δ∗2(x) ⊆ H . If H is the
extension of a hexagonal hyperplane HA in a hex A of DQ(8,K), then one readily verifies that
the condition Δ∗2(x) ⊆ H is impossible for each of the possibilities x ∈ HA, x ∈ A \ HA and
x ∈ H \ A. So, H must be a hyperplane without deep hexes. For every hex A through x, A ∩ H
is a hyperplane of A containing Δ∗2(x) ∩ A. Since the singular hyperplane Δ∗2(x) ∩ A of A is
a maximal subspace of A, A ∩ H = Δ∗2(x) ∩ H . It follows that Δ3(x) ∩ H = ∅. If y ∈ Δ4(x),
then no line through y is contained in H , otherwise the unique point of Δ3(x) on this line would
be contained in Δ3(x) ∩ H . So, every point of Δ4(x) ∩ H is an isolated point. Now, H cannot
contain isolated points, because otherwise every quad through such a point would be ovoidal.
Hence, Δ4(x) ∩ H = ∅ and H = Δ∗2(x). But then every line at distance 3 from x would be
disjoint from H , which is impossible. 
Lemma 3.2. Let Q+(2n + 1,K) be a non-singular quadric of Witt-index n + 1  3 in
PG(2n + 1,K) and let π be a (2n − 1)-dimensional subspace of PG(2n + 1,K) intersecting
Q+(2n + 1,K) in a non-singular quadric Q+(2n − 1,K) of Witt-index n. Let M+ and M−
denote the two families of generators of Q+(2n + 1,K) and let N+ and N− denote the two
families of generators of Q+(2n − 1,K). Then there exist points x+ and x− in Q+(2n + 1,K)
such that 〈x+,N〉 ∈M and 〈x−,N〉 ∈M− for every  ∈ {+,−} and every N ∈N  .
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N+ ∪ N− disjoint from N1. The tangent space of Q+(2n + 1,K) at the subspace N2 inter-
sects the unique element of M+ through N1 in a unique point x+. The tangent hyperplane of
Q+(2n + 1,K) at the point x+ contains N1 and N2 and hence also Q+(2n − 1,K) ⊆ 〈N1,N2〉.
Since 〈x+,N1〉 ∈M+, 〈x+,N〉 ∈M for every  ∈ {+,−} and every N ∈N  . In a similar way,
one shows the existence of a point x− which satisfies 〈x−,N〉 ∈M− for every  ∈ {+,−} and
every N ∈N  . 
Now, let Q+(9,K) denote a non-singular quadric of Witt-index 5 in PG(9,K) and let π be
a hyperplane of PG(9,K) intersecting Q+(9,K) in a non-singular quadric Q(8,K) of Witt-
index 4. Let M+ and M− denote the two families of generators of Q+(9,K) and let HS(9,K)
denote the half-spin geometry for Q+(9,K) defined on the set M+. For every generator M
of Q(8,K), let θ2(M) denote the unique element of M+ through M . By Theorem 1.2, every
hyperplane of HS(9,K) is equal to θ2(H) for some locally singular hyperplane H of DQ(8,K).
Suppose H is a singular hyperplane of DQ(8,K). Let M denote the deepest point of H .
We show that the point θ2(M) of θ2(H) is deep. Let θ2(M ′) = θ2(M) denote an arbitrary point
of HS(9,K) collinear with θ2(M). Then dim(θ2(M ′) ∩ θ2(M)) = 2. Hence, dim(M ′ ∩ M) =
dim(θ2(M) ∩ θ2(M ′)∩ π) 1. It follows that M ′ ∈ H . So, θ2(M ′) ∈ θ2(H).
Suppose H is a non-singular locally singular hyperplane of DQ(8,K) and let θ2(M) denote
an arbitrary point of θ2(H). By Lemma 3.1, there exists a point M ′ in DQ(8,K) at distance 2
from M not contained in H . Then θ2(M ′) /∈ θ2(H). Since dim(M ∩ M ′) = 1, dim(θ2(M) ∩
θ2(M ′)) = 2 and hence θ2(M) and θ2(M ′) are collinear in HS(9,K). This proves that no point of
θ2(H) is deep with respect to θ2(H).
Suppose H is a hyperplane of DQ(8,K) which is the extension of a hexagonal hyperplane.
Then θ2(H) is a hyperplane of HS(9,K) without deep points. Now, let x denote the point of
Q(8,K) corresponding with the unique deep max of H . Since every generator of Q(8,K)
through x is contained in H , every element of M+ through x belongs to θ2(H). Let π ′ be a
hyperplane of PG(9,K) not containing x and intersecting Q+(9,K) in a non-singular quadric
Q′(8,K) of Witt-index 4. Every generator M of Q′(8,K) is contained in a unique generator
θ ′2(M) of M+, and θ2(H) = θ ′2(H ′) for some locally singular hyperplane H ′ of DQ′(8,K).
Now, the tangent hyperplane of Q+(9,K) at the point x intersects Q′(8,K) in a non-singular
quadric Q+(7,K). Let N+ and N− denote the two families of generators of Q+(7,K) such
that 〈N,x〉 ∈M+ for every N ∈N−. Then N− ⊆ H ′. Now, let HS(7,K) denote the half-spin
geometry for Q+(7,K) defined on the set N+. Since N− ⊆ H ′, the hyperplane H ′ arises from
a hyperplane of HS(7,K) as described in Theorem 1.1, see Cardinali, De Bruyn and Pasini
[3, Lemma 2.2]. Also by [3], the hyperplane H ′ is either a singular hyperplane or a hyperplane
without deep hexes. If H ′ were singular, then θ2(H) = θ ′2(H ′) would contain a deep point, a con-
tradiction. Hence, H ′ is a hyperplane of DQ′(8,K) without deep hexes.
Conversely, suppose H is a hyperplane of DQ(8,K) without deep maxes. Then by Cardinali,
De Bruyn and Pasini [3], there exists a quadric Q+(7,K) ⊆ Q(8,K) such that N− ⊆ H , where
N− is one of the two families of generators of Q+(7,K). We will denote the other family of
generators of Q+(7,K) by N+. By Lemma 3.2, there exists a point x ∈ Q+(9,K) such that
〈x,N〉 ∈M− for every  ∈ {+,−} and every N ∈N  . Now, let π ′ be a hyperplane of PG(9,K)
through x such that π ′ ∩ Q+(9,K) is a non-singular quadric Q′(8,K) of Witt-index 4. For
every generator M of Q′(8,K), let θ ′2(M) denote the unique generator of M+ through M . By
Theorem 1.2, θ2(H) = θ ′2(H ′) for some locally singular hyperplane H ′ of DQ′(8,K), Since
N− ⊆ H , every generator ofM+ through x belongs to θ ′ (H ′) = θ2(H) (every generator ofM+2
986 B. De Bruyn / Journal of Combinatorial Theory, Series A 114 (2007) 979–992through x contains an element of N−, since Q+(7,K) is contained in the tangent hyperplane of
Q+(9,K) at the point x). Hence, every generator of Q′(8,K) through x belongs to H ′. So,
H ′ has a deep hex and is either a singular hyperplane or the extension of a hexagonal hyperplane
in a hex of DQ′(8,K). The first possibility cannot occur, since θ2(H) = θ ′2(H ′) has no deep
points.
So, we have only two types of hyperplanes in HS(9,K), respectively corresponding with
the singular hyperplanes of DQ(8,K) and the non-singular locally singular hyperplanes of
DQ(8,K). These two types of hyperplanes were already constructed in Cooperstein and Shult
[4, Section 5.2]. Our classification is also consistent with Proposition 2 of Igusa [9] from which
it follows that the group D5(K) has two orbits on the set of points (and hence also hyperplanes)
of PG(V ), where V is the half-spin module for D5(K).
4. Recursive construction of hyperplanes
As explained in Section 1.3, locally singular hyperplanes of DQ(2n,K) give rise to locally
singular hyperplanes of DQ(2n + 2,K) and hyperplanes of HS(2n − 1,K) give rise to hyper-
planes of HS(2n + 1,K). The aim of this section is to study these recursive constructions of
hyperplanes.
4.1. The singular hyperplanes
Let Q+(2n + 1,K) denote a non-singular quadric of Witt-index n + 1 3 in PG(2n + 1,K)
and letM+ andM− denote the two families of generators of Q+(2n+1,K). Let HS(2n+1,K)
denote the half-spin geometry for Q+(2n+ 1,K) defined on the setM+. If M1 and M2 are two
points of HS(2n+ 1,K), then we will denote by d(M1,M2) the distance between M1 and M2 in
the collinearity graph of HS(2n + 1,K). We have
dim(M1 ∩ M2) = n − 2 · d(M1,M2).
If n is even, then HS(2n+ 1,K) has diameter n2 and if n is odd, then HS(2n+ 1,K) has diameter
n+1
2 .
Suppose n is odd. Then for a given M∗ ∈M+, the set of generators of M+ meeting M∗ is
a hyperplane of HS(2n + 1,K). We call this hyperplane the singular hyperplane with deepest
point M∗.
Suppose n is even. Then for any given M∗ ∈M−, the set of generators of M+ meeting M∗
is a hyperplane of HS(2n+ 1,K). We call this hyperplane the singular hyperplane with (virtual )
deepest point M∗.
Let π be a hyperplane of PG(2n+1,K) intersecting Q+(2n+1,K) in a non-singular quadric
Q(2n,K) of Witt-index n. Let DQ(2n,K) denote the dual polar space associated with Q(2n,K).
Recall that for every generator M of Q(2n,K), θ2(M) denotes the unique generator of M+
through M .
Proposition 4.1. Let H be a locally singular hyperplane of DQ(2n,K). Then H is a singular
hyperplane of DQ(2n,K) if and only if θ2(H) is a singular hyperplane of HS(2n+ 1,K).
Proof. (1) Suppose H is the singular hyperplane of DQ(2n,K) with deepest point N∗. If n is
odd, let M∗ denote the unique element ofM+ through N∗. If n is even, let M∗ denote the unique
element ofM− through N∗. Let M denote an arbitrary point of HS(2n + 1,K).
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If θ−12 (M) /∈ H , then θ−12 (M) and N∗ are disjoint and it follows that dim(M ∩ M∗) 0. If n
is odd, then M,M∗ ∈M+ and n−dim(M∩M∗) is even. If n is even, then M ∈M+, M∗ ∈M−
and n−dim(M ∩M∗) is odd. In both cases, dim(M ∩M∗) = −1. Hence, M and M∗ are disjoint.
It now readily follows that θ2(H) is the singular hyperplane of HS(2n + 1,K) with deepest
point M∗.
(2) Conversely, suppose that θ2(H) is the singular hyperplane of HS(2n+ 1,K) with deepest
point M∗. Put N∗ := M∗ ∩ π . If n is odd, then M∗ ∈M+ and if n is even, then M∗ ∈M−. In
any case, dim(M∗ ∩ θ2(N)) is odd for every generator N of Q(2n,K).
If N is disjoint with N∗, then dim(M∗ ∩ θ2(N))  0 and hence dim(M∗ ∩ θ2(N)) = −1.
So, θ2(N) /∈ θ2(H) and N /∈ H . Obviously, if N meets N∗, then θ2(N) meets M∗, θ2(N) ∈
θ2(H) and N ∈ H . This proves that H is the singular hyperplane of DQ(2n,K) with deepest
point N∗. 
Now, suppose PG(2n+1,K) is embedded as a hyperplane in a projective space PG(2n+2,K)
and that Q(2n + 2,K) is a non-singular quadric of Witt-index n + 1 in PG(2n + 2,K) such
that Q(2n + 2,K) ∩ PG(2n + 1,K) = Q+(2n + 1,K). By Section 1.2, every hyperplane H of
HS(2n + 1,K) will give rise to a locally singular hyperplane θ1(H) of DQ(2n+ 2,K).
Proposition 4.2. Let H be a hyperplane of HS(2n + 1,K). Then H is a singular hyperplane of
HS(2n + 1,K) if and only if θ1(H) is a singular hyperplane of DQ(2n + 2,K).
Proof. Recall thatM− ⊆ θ1(H).
(1) Suppose that H is the singular hyperplane of HS(2n + 1,K) with deepest point M∗. If
n is odd, then M∗ ∈M+; if n is even, then M∗ ∈M−. In any case, M∗ ∈ θ1(H). Let M be
a generator of Q(2n + 2,K) having non-empty intersection with M∗. If M ⊆ Q+(2n + 1,K),
then obviously M ∈ θ1(H). Suppose M ⊆ Q+(2n + 1,K). Let M+ denote the unique element
of M+ through the intersection M ∩ Q+(2n + 1,K). Since ∅ = M ∩ M∗ ⊆ M+, M+ ∈ H ,
and hence M ∈ θ1(H). Hence, θ1(H) contains the singular hyperplane of DQ(2n + 2,K) with
deepest point M∗. Since hyperplanes of DQ(2n+2,K) are maximal subspaces of DQ(2n+2,K)
and θ1(H) is a (locally singular) hyperplane of DQ(2n+2,K) by Theorem 1.1, θ1(H) coincides
with the singular hyperplane of DQ(2n + 2,K) with deepest point M∗.
(2) Conversely, suppose that θ1(H) is the singular hyperplane of DQ(2n+ 2,K) with deepest
point M∗.
Suppose M∗ is not contained in Q+(2n + 1,K). Let M1 and M2 denote the two genera-
tors of Q+(2n + 1,K) through M∗ ∩ Q+(2n + 1,K), and let M ′i , i ∈ {1,2}, be a generator of
Q+(2n+ 1,K) disjoint from Mi . Then either M ′1 or M ′2 is an element ofM− disjoint from M∗,
contradictingM− ⊆ θ1(H).
So, M∗ ⊆ Q+(2n + 1,K). The set H consists of those generators of M+ meeting M∗. So,
H is the singular hyperplane of HS(2n+ 1,K) with deepest point M∗. 
4.2. Extensions of hyperplanes
Consider the following chain of non-singular quadrics:
Q(2n,K) ⊆ Q+(2n+ 1,K) ⊆ Q(2n+ 2,K).
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Q(2n,K), Q+(2n + 1,K) are obtained by intersecting Q(2n + 2,K) with suitable subspaces.
Let M+ and M− denote the two families of generators of Q+(2n + 1,K) and let HS(2n +
1,K) denote the half-spin geometry for Q+(2n + 1,K) defined on the set M+. Let DQ(2n,K)
and DQ(2n + 2,K) denote the dual polar spaces associated with Q(2n,K) and Q(2n + 2,K),
respectively.
For every generator M of Q(2n,K), let θ2(M), respectively θ ′2(M), denote the unique gener-
ator ofM+, respectivelyM−, through M . With every hyperplane G of HS(2n + 1,K), there is
associated a locally singular hyperplane θ1(G) of DQ(2n+ 2,K), see Section 1.2.
Now, let x be a given point of Q(2n,K). The generators of Q(2n,K) through x define a
max M1 of DQ(2n,K), and the generators of Q(2n + 2,K) through x define a max M2 of
DQ(2n + 2,K). The elements of M− through x define a half-spin geometry HS(2n − 1,K).
With every hyperplane G of HS(2n − 1,K), there is associated a locally singular hyperplane
θ ′1(G) of M2, see Section 1.2.
Proposition 4.3. Let H1 be a locally singular hyperplane of M1 and let H1 denote the hyperplane
of DQ(2n,K) which is the extension of H1. Then the hyperplane θ1θ2(H1) of DQ(2n + 2,K) is
the extension of the hyperplane θ ′1θ ′2(H1) of M2.
Proof. Let H2 be the hyperplane θ ′1θ ′2(H1) of M2 and let H2 be the hyperplane of DQ(2n+2,K)
which is the extension of H2. We must show that H2 = θ1θ2(H1). Since hyperplanes of DQ(2n+
2,K) are maximal subspaces, it suffices to show that θ1θ2(H1) ⊆ H2.
(1) If M is a generator of Q(2n + 2,K) containing x, then M belongs to the hyperplanes
θ1θ2(H1) and H2.
(2) Let M be an element of M− not containing x. Then M belongs to θ1θ2(H1). Let M ′
denote the generator of M+ such that x ∈ M ′ and dim(M ∩ M ′) = n − 1. Then M ′ belongs to
H2 and hence M ∈ H2.
(3) Let M be an element of M+ not containing x and suppose that M ∈ θ1θ2(H1). Let M ′
denote the unique generator of M− through x intersecting M in an (n − 1)-dimensional sub-
space. Since M ∈ θ1θ2(H1), M ∈ θ2(H1) and hence θ−12 (M) ∈ H1. Now, θ ′2−1(M ′) is the unique
generator of Q(2n,K) through x intersecting θ−12 (M) in an (n − 2)-dimensional subspace. So,
θ ′2
−1
(M ′) ∈ H1, i.e., M ′ ∈ θ ′2(H1). It follows that M ′ ∈ H2. Hence, M ∈ H2.
(4) Let M denote an arbitrary element of θ1θ2(H1) \ (M+ ∪M−) not containing x. Let α be
the (n − 1)-dimensional subspace M ∩ Q+(2n + 1,K) and let M ′ denote the unique element of
M+ through α. Then M ′ ∈ θ2(H1). Hence, there exists an element U ∈ H1 intersecting θ−12 (M ′)
in a subspace of dimension at least n−2. It follows that dim(θ ′2(U)∩M ′) n−2 and hence that
dim(θ ′2(U)∩M ′) = n− 1, since θ ′2(U) ∈M− and M ′ ∈M+. Now, α is an (n− 1)-dimensional
subspace of M ′. It follows that dim(θ ′2(U)∩α) n− 2 and hence dim(〈x, θ ′2(U)∩α〉) n− 1.
Now, let U ′ denote the unique generator of Q(2n + 2,K) through x meeting M in an (n − 1)-
dimensional subspace. Then 〈x, θ ′2(U)∩ α〉 ⊆ U ′.
• Suppose U ′ is not contained in Q+(2n+ 1,K). Then U ′ ∩Q+(2n+ 1,K) = 〈x, θ ′2(U)∩α〉
and θ ′2(U) is the unique element of M− through 〈x, θ ′2(U) ∩ α〉. It follows that U ′ ∈
θ ′1θ ′2(H1) = H2. Hence, M ∈ H2.
• If U ′ is contained inM+, then U ′ ∈ θ ′θ ′ (H1) = H2. Hence, M ∈ H2.1 2
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ofM− through 〈x, θ ′2(U) ∩ α〉. Hence, U ′ ∈ H2 and M ∈ H2.
This proves that θ1θ2(H1) ⊆ H2 and hence also that θ1θ2(H1) = H2. 
4.3. The locally singular hyperplanes of DQ(10,K) arising from hyperplanes of HS(9,K)
By Theorem 1.2, every locally singular hyperplane H of DQ(2n,K), n  2, gives rise to a
hyperplane θ2(H) of the half-spin geometry HS(2n+ 1,K).
Proposition 4.4. If H is a hexagonal hyperplane of DQ(6,K), then θ2(H) is a Q(6,K)-
hyperplane of HS(7,K).
Proof. By Proposition 4.1, θ2(H) is not a singular hyperplane. Hence, θ2(H) must be a Q(6,K)-
hyperplane of HS(7,K). 
By Theorem 1.1, every hyperplane of HS(2n − 1,K), n  2, gives rise to a locally singular
hyperplane θ1(H) of the dual polar space DQ(2n,K).
Proposition 4.5. [3] If H is a Q(6,K)-hyperplane of HS(7,K), then θ1(H) is a hyperplane of
DQ(8,K) without deep hexes.
Corollary 4.6.
• If H is a singular hyperplane of HS(9,K), then θ1(H) is a singular hyperplane of
DQ(10,K).
• If H is a non-singular hyperplane of HS(9,K), then θ1(H) is the extension of a hyperplane
G in a max of DQ(10,K). The hyperplane G arises from a Q(6,K)-hyperplane of the half-
spin geometry HS(7,K).
Proof. The first claim follows from Proposition 4.2. We will now prove the second claim. If H
is a non-singular hyperplane of HS(9,K), then by Section 3, H is isomorphic to the hyperplane
θ2(H ′) where H ′ is a hyperplane of DQ(8,K) which is the extension of a hexagonal hyperplane
in a hex of DQ(8,K). By Propositions 4.3 and 4.4, θ1(H) ∼= θ1θ2(H ′) is the extension of a
hyperplane G in a max of DQ(10,K) and this hyperplane G arises from a Q(6,K)-hyperplane
of the half-spin geometry HS(7,K). 
4.4. Locally singular hyperplanes of DQ(2n,K) with deep maxes
By Cardinali, De Bruyn and Pasini [3, Theorem 3.3], a locally singular hyperplane of
DQ(2n,K) is a proper extension of another locally singular hyperplane if and only if there ex-
ists a deep max. So, from a classification point of view the locally singular hyperplanes without
deep maxes are the only interesting ones. The aim of this subsection is to determine necessary
and sufficient conditions for a locally singular hyperplane of DQ(2n,K) to give rise to a locally
singular hyperplane of DQ(2n + 2,K) without deep maxes.
Let Q(2n,K), Q+(2n + 1,K), Q(2n + 2,K), M+, M−, HS(2n + 1,K), θ1 and θ2 be as in
Section 4.2.
990 B. De Bruyn / Journal of Combinatorial Theory, Series A 114 (2007) 979–992Proposition 4.7. Let H be a hyperplane of HS(2n+ 1,K), let x be a point of Q(2n+ 2,K) and
let M be the max of DQ(2n+ 2,K) corresponding with x. Then M is deep with respect to θ1(H)
if and only if x ∈ Q+(2n+ 1,K) and every element ofM+ through x belongs to H .
Proof. Suppose M is deep and x /∈ Q+(2n + 1,K). The tangent hyperplane of Q(2n + 2,K)
at the point x intersects Q+(2n + 1,K) in a Q′(2n,K). If α is a generator of Q′(2n,K), then
as 〈α,x〉 ∈ θ1(H), the unique element of M+ through α belongs to H . It readily follows that
every element of M+ belongs to H , which is impossible. So, if M is deep, then x must belong
to Q+(2n+ 1,K).
Suppose x ∈ Q+(2n+ 1,K). If M is deep, then every generator ofM+ through x belongs to
θ1(H), i.e., belongs to H . Conversely, if every generator of M+ through x belongs to H , then
one readily verifies that every generator of Q(2n + 2,K) through x belongs to θ1(H). 
Proposition 4.8. Let H be a locally singular hyperplane of DQ(2n,K). If H contains a deep
max or if H arises from a hyperplane of the half-spin geometry HS(2n− 1,K), then there exists
a point x ∈ Q+(2n+ 1,K) such that every generator ofM+ through x belongs to θ2(H).
Proof. Suppose H contains a deep max M and let x denote the point of Q(2n,K) corresponding
with M . Since every generator of Q(2n,K) through x belongs to H , every element of M+
through x belongs to θ2(H).
Suppose H arises from a hyperplane of the half-spin geometry HS(2n− 1,K). Then there ex-
ists a hyperplane in PG(2n,K) intersecting Q(2n,K) in a non-singular quadric Q+(2n − 1,K)
of Witt-index n such that N− ⊆ H , where N− is one of the families of generators of
Q+(2n−1,K). LetN+ denote the other family of generators of Q+(2n−1,K). By Lemma 3.2,
there exists a point x in Q+(2n + 1,K) such that 〈x,N〉 ∈M− for every  ∈ {+,−} and every
N ∈ N  . Every element of M+ through x contains an element of N− and hence belongs to
θ2(H). 
Also the converse holds.
Proposition 4.9. Let H be a locally singular hyperplane of DQ(2n,K). If there exists a point x ∈
Q+(2n + 1,K) such that every generator of M+ through x belongs to θ2(H), then DQ(2n,K)
has a max which is deep with respect to H or H arises from a hyperplane of the half-spin
geometry HS(2n− 1,K).
Proof. Suppose x ∈ Q(2n,K). Since every element of M+ through x belongs to θ2(H), every
generator of Q(2n,K) through x belongs to H . So, the max corresponding with x is deep with
respect to H .
Suppose x ∈ Q+(2n + 1,K) \ Q(2n,K). The tangent hyperplane of Q+(2n + 1,K) at the
point x intersects Q(2n,K) in a Q+(2n − 1,K). Let N− and N+ denote the two families of
generators of Q+(2n − 1,K) and suppose that 〈x,N〉 ∈M+ for every N ∈ N−. Since every
generator of M+ through x belongs to θ2(H), N− ⊆ H . By Cardinali, De Bruyn and Pasini
[3, Lemma 2.2], H must arise from a hyperplane of the half-spin geometry HS(2n − 1,K) for
Q+(2n − 1,K) defined on the set N+. 
Conclusion. Locally singular hyperplanes of DQ(2n,K), n  2, give rise to locally singular
hyperplanes of DQ(2n + 2,K). In order to find locally singular hyperplanes in DQ(2n + 2,K)
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not contain deep maxes and which do not arise from hyperplanes of HS(2n − 1,K). That is
the reason, why starting from a hexagonal hyperplane in DQ(6,K), we find a locally singular
hyperplane in DQ(8,K) without deep maxes. But starting from a locally singular hyperplane in
DQ(8,K) without deep maxes, we find a locally singular hyperplane of DQ(10,K) with a deep
max, since the former hyperplane arises from a hyperplane of HS(7,K).
4.5. Hyperplanes of HS(2n+ 1,K) arising from hyperplanes of HS(2n− 1,K)
In [4, Section 5.2], Cooperstein and Shult described a method for constructing hyperplanes
of HS(2n + 1,K) from hyperplanes of HS(2n − 1,K). Let Q+(2n + 1,K) be a non-singular
quadric of Witt-index n + 1 3 in PG(2n + 1,K) and let x be a given point of Q+(2n + 1,K).
LetM+ andM− denote the two families of generators of Q+(2n+1,K) and let HS(2n+1,K)
denote the half-spin geometry for Q+(2n + 1,K) defined on the set M+. The generators of
Q+(2n + 1,K) through x define a polar space Q+(2n − 1,K). Let HS(2n − 1,K) denote the
half-spin geometry for Q+(2n− 1,K) defined on the set of generators ofM− through x.
Let D denote the subspace of HS(2n+1,K) whose points are the elements ofM+ through x.
For every M ∈M+ \ D, let ˜M denote the unique element of M− through x meeting M in
an (n − 1)-dimensional subspace. Cooperstein and Shult showed that if H is a hyperplane of
HS(2n − 1,K), then φ(H) := D ∪ {M ∈M+ \D | ˜M ∈ H } is a hyperplane of HS(2n + 1,K).
Now, let π be a hyperplane of PG(2n+1,K) not containing x and intersecting Q+(2n+1,K)
in a non-singular quadric Q(2n,K) of Witt-index n. The tangent hyperplane of Q+(2n + 1,K)
at the point x intersects Q(2n,K) in a quadric Q′+(2n − 1,K). Let N+ and N− denote the
two families of generators of Q′+(2n − 1,K) such that 〈x,N〉 ∈M− for every  ∈ {+,−} and
every N ∈N  . Let HS′(2n − 1,K) denote the half-spin geometry for Q′+(2n − 1,K) defined
on the set N+. The map M → M ∩ Q′+(2n − 1,K) induces a natural isomorphism between
HS(2n − 1,K) and HS′(2n − 1,K). Now, let H be a hyperplane of HS(2n − 1,K) and let H ′
denote the corresponding hyperplane of HS′(2n − 1,K). By Theorem 1.1, the hyperplane H ′
induces a locally singular hyperplane θ1(H ′) of the dual polar space DQ(2n,K) associated with
Q(2n,K). By Theorem 1.2, the hyperplane θ1(H ′) of DQ(2n,K) gives rise to a hyperplane
θ2θ1(H ′) of HS(2n+ 1,K).
Obviously, D ⊆ θ2θ1(H ′). Now, let M be a generator of M+ not through x. Then ei-
ther M ∩ Q′+(2n − 1,K) ∈ N+ or M ∩ Q′+(2n − 1,K) is a singular subspace of dimension
n − 2 of Q′+(2n − 1,K). In any case, there exists a unique generator N of N+ through
M ∩ Q′+(2n − 1,K). Since dim(〈x,N〉 ∩ M)  n − 2 and 〈x,N〉 ∈M−, M ∈M+, 〈x,N〉
is the unique generator ofM− through x meeting M in an (n − 1)-dimensional subspace. Now,
M ∈ θ2θ1(H ′) if and only if N ∈ H ′, i.e., if and only if 〈x,N〉 ∈ H . It follows that the hyperplane
θ2θ1(H ′) coincides with φ(H).
So, the construction of hyperplanes of HS(2n + 1,K) from hyperplanes of HS(2n − 1,K)
arising from the connection with locally singular hyperplanes of DQ(2n,K) is precisely the
Cooperstein–Shult construction.
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